The objective of this paper is to present an analysis of a bonus-malus system (BMS) within the framework of the theory of ergodic Markov set-chains. It is shown that this type of Markov chains enables the evaluation of BMS, even in steady-state, under the assumption that transition probabilities change in a definite range. We introduce a model that allows the determination of the consequences of changes in the claim frequency of a policyholder. In a numerical example we examine the BMS employed by one of the Polish insurance companies.
INTRODUCTION
In most analyses of bonus-malus systems (BMS), it is assumed that the claim frequency of an individual policyholder remains constant. This assumption implies constant transition probabilities and makes it possible to model a BMS as a homogeneous Markov chain (see e.g. Lemaire, 1995) . However, it is known that the claim frequency l may be time-dependant for various reasons. Moreover, actuarial tools used to evaluate BMS such as the stationary probabilities and mean first passage times are not necessarily monotonic functions of l; describing their properties analytically is a laborious task. Therefore, it is often difficult to determine these measures' reaction to changes in claim frequency. In order to relax the assumption of a constant claim frequency, we use the concept of ergodic Markov set-chains, as defined by Hartfiel (1998) .
A Markov set-chain constitutes a specific generalisation of the idea of classical Markov chains. Its fundamental assumption consists in allowing for varying transition probabilities at each step, although these changes are restricted by some lower and upper bounds. It is assumed that exact values of transition probabilities are not known: they belong to a given compact set, usually defined as an interval.
Markov set-chains can be represented as nonhomogeneous Markov chains; however they constitute a much more efficient tool than nonhomogeneous Markov chains to study BMS. Indeed, the analysis of long-term behaviour is much easier, as the determination of all step transition matrices is not required. This paper is organised as follows. Section 2 provides a concise theoretical description of an ergodic Markov set-chain. It is consistent with the concept developed by Hartfiel (1998) , which is relatively new and has not been applied in actuarial science so far. In section 3 a model of a BMS is cast within the framework of Markov set-chain theory. In section 4 a numerical example is presented, which shows how the fluctuation of claim frequencies may affect asymptotic measures of BMS evaluation. Section 5 concludes.
MARKOV SET-CHAINS
The description of Markov set-chains presented in this section is based on Hartfiel's (1998) monograph.
Definition 1.
Let N 1 be a compact set of r ≈ r stochastic matrices. Consider Markov chains with the state space S = {1, 2, ..., r}, having all their transition matrices in N 1 . A Markov set-chain is the sequence
where N k = {P : P = P 1 P 2 g P k , where P i ∈ N 1 for all i = 1,2,…,k} for each k. The set N k contains all possible k-step transition matrices, provided that one-step transition matrices belong to the set N 1 . Note that k-step transition matrices are not uniquely determined. Since the set N 1 is compact, it is closed and bounded. In a particular case it can be an interval. We define the matrix interval as an interval
where P = [ p ij ] denotes an r ≈ r stochastic matrix and K = [k ij ] and Q = [q ij ] are nonnegative r ≈ r matrices such that K ≤ Q. As the interval [K,Q] can be constructed by rows, it is useful to introduce also a vector interval. We define the vector interval as an interval
where x = [x j ] is a 1 ≈ r stochastic vector and k = [k j ] and q = [q j ] are nonnegative 1 ≈ r vectors such that k ≤ q. Throughout, we assume that none of the intervals is empty. x j for all j.
It is easy to show that for a tight vector interval the following conditions hold:
If N 1 is a tight interval [K,Q], then K and Q are column tight component bounds on N 1 . Henceforth, we restrict our analysis to Markov set-chains determined by a matrix interval [K, Q] .
Markov set-chains are classified as ergodic, regular and absorbing, in the same way as classical Markov chains. Taking into account properties of most BMS, in this paper we focus on ergodic Markov set-chains only. In order to define this type of chains, we first need to introduce the concept of an ergodic class.
The decomposition of the state space S = {1,2,...,r} of a Markov set-chain is based on the structure of the upper bound Q of a matrix interval [K, Q]. Through simultaneous permutations of rows and columns, Q can be put into the following canonical form:
where n ≥ 1, Q kk , is a k ≈ k irreducible matrix for all k = 1, 2, ...,n, and if t > n then Q tk ! 0 for some k = 1,2,..., t -1. It is also assumed that all matrices from the interval [K,Q] 
Definition 3.
A Markov set-chain is ergodic if it has only one class and that class is ergodic. One of the most important properties of an ergodic Markov set-chain is its convergence.
Definition 4.
The limit set of a Markov set-chain is defined as 
H ∞ the lower and upper limit bounds on N ∞ . Note that their rows constitute bounds on the set of stationary probability distributions.
In order to compute bounds on sets of transition matrices at each step, Hartfiel (1991 Hartfiel ( , 1998 , and so forth. For an ergodic Markov set-chain we can also calculate bounds on mean first passage times, defined as
where P n ∈ N 1 , and P " j n is the matrix obtained from P n by replacing its j-th row by the row of 0's. The matrices of lower and upper bounds on mean first passage times are denoted as M " l and M " h respectively. Hartfiel and Seneta (1994) proved that the sum in (2) converges and that its lower and upper bounds may be obtained via an algorithm based on the Hi-Lo method.
MODEL OF BONUS-MALUS SYSTEM
Following Lemaire (1995) , we call a system employed in automobile insurance a bonus-malus system if: -all policyholders of a given tariff group are divided into a finite number of classes, denoted as C i (i = 1,2,..., r), and their premium depends only on the class they belong to, and -for each policyholder the class for a given period (usually a year) is determined uniquely by the class in the preceding period and the number of claims reported during that time.
A BMS is defined by the initial class, the premium scale, and the transition rules, which may be represented by means of r ≈ r matrices
and T k (i ) = j denotes the transfer of a policyholder reporting k claims from class C i to class C j in the next period. The probability of moving from class C i to class C j for a policyholder with claim frequency l is given by
where p k (l) is the probability that a driver with claim frequency l has k claims in one period. Under the assumption that the claim frequency of an insured is stationary in time, a BMS can be modelled as a finite homogeneous Markov chain with the state space S = {1, 2, ..., r} and the transition matrix
It is worth mentioning that finite homogeneous Markov chains are irreducible and ergodic for majority of BMS in use. The assumption of a constant claim frequency is rather unrealistic, but required for the study of BMS within the framework of homogeneous Markov chain theory. In practice, claim frequencies may change over time in response to insurance companies' actions, changes in the driving habits and behaviour of a policyholder. External factors such as weather conditions or state of roads may also play a role. Regardless of the reason for the occurrence of these changes, the need for the evaluation of their consequences is apparent. For such an analysis we should treat measures used to evaluate a BMS as functions of l and check their properties, particularly their monotonicity. However, for real-life BMS this is a very arduous and time-consuming task. Therefore, we propose to use ergodic Markov set-chains.
To view a BMS as a Markov set-chain we need the following assumptions:
[1] only a BMS that forms irreducible ergodic finite homogeneous Markov chain is under consideration;
[2] the number of claims of a policyholder with claim frequency l conforms to a Poisson distribution; [3] the claim frequency l varies in the interval [ l (1) , l (2) ], where
Actual claim frequencies hardly ever exceed 1; therefore condition (3) is not restrictive in the analysis of real-life BMS. However, it is necessary that the following relationship be satisfied
It is easy to verify that p 0 (l) and p k (l) for k = 1,2,... are respectively a decreasing and increasing function of l in the interval (0, 1), which ensures that relationship (4) holds.
Under assumptions [1] - [3] we can determine the matrix interval that comprises all transition matrices of the Markov set-chain. Lower and upper bounds on that interval can be expressed as
where superscripts (1) and (2) indicate that a given probability is calculated for l (1) and l (2) , respectively. Note that K and Q are nonnegative r ≈ r matrices such that K ≤ Q. From relationship (4) and equations (5) and (6) we obtain
Hence, the interval [K,Q] contains all transition matrices of irreducible, ergodic, and finite homogeneous Markov chains that describe the same BMS and differ only in the assumed value of the claim frequency of a policyholder. where i, j ∈ S. It can be easily verified that for the above sets the conditions hold:
The sets A i and B i are disjoint. Their definition and the inequality K ≤ Q imply the following relationships:
is an element of matrix K and p it (2) is an element of matrix Q; -if t ∈ B i for i ∈ S, then p it (2) is an element of matrix K and p it (1) is an element of matrix Q.
As an immediate consequence of the above implications we obtain p it (1) ≤ p it (2) for t ∈ A i and i, t ∈ S,
Furthermore, referring to the stochastic property of the transition matrices P(l (1) 
..,r}, where P i , K i , Q i are i-th rows of P, K and Q respectively, it suffices to show that, for all i ∈ S, i-th rows of K and Q are bounds on tight vector intervals.
If the probability p ib from the matrix K is a function of the claim frequency l (1) then equations (7) and (9) 
and if p ib depends on l (2) then from (8) and (9) 
If the probability p ib from the matrix Q is a function of the claim frequency l (1) then equations (8) and (9) imply that
and if p ib depends on l (2) then from (7) and (9) we have
Thus, conditions (1) are fulfilled, which means that the vector intervals bounded by i-th rows of K and Q and, consequently, the matrix interval [K, Q ] are tight.
NUMERICAL EXAMPLE
In the preceding section we have shown that Markov set-chain theory enables us to examine the consequences of claim frequency changes within a given interval. In order to illustrate the application of the model described in section 2 we analyse the BMS currently employed in first-party coverage insurance by Powszechny Zaklad Ubezpieczen SA (PZU), a Polish insurance company. The BMS of PZU consists of 13 classes. New policyholders enter the system in class C 5 . The premium levels for each class and the transition rules are given in Table 1 . The properties of the system allow for modelling it both as an irreducible ergodic finite homogeneous Markov chain, and as an ergodic Markov set-chain.
Since the average claim frequency in first-party coverage insurance in Poland has been close to 0.15 over recent years, let us consider a policyholder with claim frequency varying from 0.1 to 0.2. Having assumed that the number of claims follows the Poisson distribution, by equations (5) and (6) we get bounds K and Q on the interval comprising all possible transition matrices of the ergodic Markov set-chain -the model of the BMS for the policyholder. By Theorem 4 the obtained interval is tight, and therefore the Hi-Lo method can be employed to calculate bounds on sets of each step transition matrices. Given the data we obtained lower and upper limit bounds L ∞ and H ∞ , which are rank one matrices with the following rows:
BONUS-MALUS SYSTEMS AS MARKOV SET-CHAINS 61 
The vectors l ∞ and h ∞ are bounds on the interval of all possible stationary probability distributions. Note that their elements are minimum and maximum steady-state probabilities that the policyholder belongs to a given class, and therefore they do not add up to 1. The variability range of the probabilities for a driver with claim frequency in the interval [0.1, 0.2] is diversified. Generally, in higher classes (with lower premiums) the steady-state probabilities are higher and more sensitive to the claim frequency changes. Consequently, the driver has a better chance of being in a high-discount class, however the probability of this event is subject to variations that are larger than for the probability of being in a low-discount class. The analysis of bounds on mean first passage times may also provide valuable information. In the context of the model of a BMS each of these times indicates an average time needed by a policyholder from class C i to reach C j for the first time. In our numerical example, the matrices of lower and upper bounds on these times M " ⎢ 64842.53 27387.79 10292.87 4518.94 1.98 4.10 6.31 8.57 10.87 13.20 15.55 17.91 20.28 ⎥ ⎢ 66351.92 30267.07 11374.11 4992.74 1785.76 2.12 4.32 6.59 8.89 11.22 13.57 15.93 18.3 ⎥ ⎢ 67461.81 30970.92 12569.22 5516.52 1972.05 927.84 2.20 4.47 6.77 9.10 11.45 13.81 Note that the variability range of the mean first passage times is strongly diversified. It is relatively narrow for the mean times of the first promotion to higher-discount classes as well as for movement between classes C 9 , C 10 , C 11 , C 12 , and C 13 . For the remaining times the range is wide, its spread exceeds 50 years and in some cases even 67 000 years. Such diversity of the variability ranges of the mean times indicates difference in their sensitivity to the changes in claim frequency. The fluctuation of claim frequency between 0.1 and 0.2 can result in a maximal change of the mean time equal only to 0.11 (from 1.11 to 1.22 in case of the transfer from C 1 to C 2 ), as well as to over 67 197 years (from 940.56 to 68137.60 in case of the transfer from C 13 to C 1 ).
The resulting values of the mean first passage times merit particular attention. For example, some transfers of a policyholder with claim frequency in the interval [0.1, 0.2] are virtually impossible. It is hard to expect that the policyholder will ever move to another class, if the lower bound on the mean time for such a transfer exceeds 50 years. Yet, such high values are found in approximately 40% of the elements of the matrix M " l . These are mainly lower bounds on the mean times of downgrading in the class hierarchy. This means that it is relatively difficult for the policyholder to reach a class with higher premium in the PZU system. On the other hand, in most cases the expected times for lowering a premium are significantly shorter and hence the transfer to higher-discount classes is reachable. For instance, the mean time of the first passage from the initial class C 5 to the best class C 13 amounts to 11.32 years at best, and to 18.3 years at worst, which is usually shorter than driving life. These results show that the transition rules of the system are soft for drivers with claim frequency in the interval [0.1, 0.2]. PZU may encounter problems resulting from the clustering of policyholders in high-discount classes.
Also, it is worth mentioning that in most cases the variability ranges of stationary distribution and mean first passage times cannot be calculated by applying the theory of homogeneous Markov chains to claim frequencies 0.1 and 0.2. It follows from the fact that, in general, stationary probabilities and mean first passage times are not monotonic functions of l. If we model the PZU system as two homogeneous Markov chains with claim frequencies 0.1 and 0.2, we find the following stationary probability distributions: 
